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Special values of Kloosterman sums and binomial
bent functions
Chunming Tang, Yanfeng Qi
Abstract
Let p ≥ 7, q = pm. Kq(a) =
∑
x∈Fpm
ζTr
m
1
(xp
m−2+ax) is the Kloosterman sum of a on Fpm , where ζ = e
2pi
√
−1
p
. The
value 1− 2
ζ+ζ−1 of Kq(a) and its conjugate have close relationship with a class of binomial function with Dillon exponent. This
paper first presents some necessary conditions for a such that Kq(a) = 1− 2ζ+ζ−1 . Further, we prove that if p = 11, for any a,
Kq(a) 6= 1−
2
ζ+ζ−1 . And for p ≥ 13, if a ∈ Fps and s = gcd(2,m), Kq(a) 6= 1−
2
ζ+ζ−1 . In application, these results explains
some class of binomial regular bent functions does not exits.
Index Terms
Regular bent function, Walsh transform, Kloosterman sums, pi-adic expansion, cyclotomic fields
I. INTRODUCTION
Let q = pm, where p be a prime and m be a positive integer. Let Fq be a finite field with q elements. Let Trm1 be the trace
function from Fq to Fp, i.e., Trm1 (x) := x+ xp + xp
2
+ · · ·+ xp
m−1
. Let ζ = e
2pi
√
−1
p be a primitive p-th root of unity. The
Kloosterman sum of a on Fq is
Kq(a) = 1 +
∑
x∈F∗q
ζTr
m
1
( 1
x
+ax), a ∈ Fq.
Kloosterman sums are related to the construction of some Dillon type bent functions.
Let n = 2m. When p = 2, Leander [9] proved that monomial function Trn1 (axt(q−1))(a ∈ F∗pn , gcd(t, q + 1) = 1) is bent
if and only if Kq(aq+1) = 0, i.e., aq+1 is the zero point of Kloosterman sum Kq . Helleseth and Kholosha [6] generalized
Leader’s results for p > 2 and found that the Kloosterman sum Kq(α) does not take the value zero for p > 3. Kononen et al.
[8] proved this fact. When p = 2, 3, there exist many zero points of Kloosterman sums. And Moisio [11] proved that any zero
point of Kloosterman sums does not belong to a proper subfield of Fq.
When p ≥ 3, binomial function Trn1 (axt(q−1)) + bx
pn−1
2 (a ∈ F∗pn ) is studied by Jia et al. [7] and Zheng et al. [15], where
b ∈ Fp, gcd(t, q + 1) = 1. And it is bent if and only if Kq(a) = 1 − 2ζb+ζ−b . Hence, for determining such bent functions, it
is important to study the value 1− 2
ζb+ζ−b
of Kloosterman sums. Kononen [11] presented a solution for b = 0.
Divisibility results for Kloosterman sums are vital and have many applications. On divisibility results of Kloosterman sums,
many work can be found in [1], [3], [4], [5], [10]. Moloney [12] analyzed divisibility results for Kq(a) by p-adic methods.
This paper will study the special value 1− 2
ζb+ζ−b of Kloosterman sums. By the pi-adic expansions of Kq(a) and 1−
2
ζb+ζ−b ,
we obtain some necessary conditions for a satisfying Kq(a) = 1− 2ζb+ζ−b , where pi is a prime of local field Qp(ζ) satisfying
pip−1 + p = 0 and ζ ≡ 1 + pi mod pi2. Further, we prove that if p = 11, for any a, Kq(a) 6= 1 − 2ζb+ζ−b . And for p ≥ 13,
if a ∈ Fps and s = gcd(2,m), Kq(a) 6= 1 − 2ζb+ζ−b . Hence, these results explain that some class of binomial regular bent
functions does not exist.
The rest of the paper is organized as follows. Section 2 introduces some background knowledge. Section 3 presents our
main results on special values of Kloosterman sums. Section 4 gives some results on bent functions for application. In Section
5, we make a conclusion.
II. PRELIMINARIES
A. Local fields and Gauss sums
Throughout this paper, let q = pm, where p is a prime and m is a positive integer. Let Fq be a finite field with q elements.
Let F∗q be the multiplicative group of Fq . For any a ∈ Fq, the trace function from Fq to Fp is defined by Trm1 (a) :=
a+ ap + · · ·+ ap
m−1
.
Let Qp be the finite field composed of all the p-adic numbers and Zp be its integer ring. Let ζ = e
2
√
−1pi
p be a primitive p-th
root of unity. Let ξ be a prmitive (q−1)−th root of unity. Then there exists the field extension tower Qp ⊆ Qp(ζ) ⊆ Qp(ζ, ξ).
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2Further, Qp(ζ) is a totally ramified extension of degree p − 1 over Qp, and Qp(ζ, ξ) is a unramified extension of degree m
over Qp(ζ). Take a prime element pi in Qp(ζ) and Qp(ζ, ξ) such that
pip−1 + p = 0, ζ ≡ 1 + pi mod pi2.
Let β ≡ ξ mod pi, then β ∈ Fq is a generator of F∗q . The Teichmu¨ller character is defined by
ω(βi) = ξi.
Let F̂∗q be the group of multiplicative character of Fq . Obviously, ω(·) is a generator of F̂∗q . More results on local fields can
be found in [13]. Let
T̂ r
m
1 (a) =
∑
i∈{0,...,m−1}
ωp
i
(a).
T̂r
m
1 is called the lifted trace. And by the modular property of Teichmu¨ller character, T̂r
m
1 (a) ≡ Tr
m
1 (a) mod p.
The Gauss sum of a character w−j ∈ F̂∗q is defined by
g(j) = −
∑
x∈Fq
w−j(x)ζTr
m
1
(x).
The following Stickelberger’s theorem is helpful for the divisibility results of Gauss sums. And this theorem is a direct
consequence of the Gross-Koblitz formula [2].
Theorem 2.1: Let 1 ≤ j < q − 1 and j = j0 + j1p+ · · ·+ jm−1pm−1, then
g(j) ≡
1
j0!j1! · · · jm−1!
piwtp(j) mod piwtp(j)+p−1,
where wtp(j) = j0 + j1 + · · ·+ jm−1.
B. Kloosterman sums
Definition Let a ∈ Fq . The Kloosterman sum of a is
Kq(a) =
∑
x∈Fq
ζTr
m
1
(xq−2+ax) = 1 +
∑
x∈F∗q
ζTr
m
1
( 1
x
+ax). (1)
Since Kq(a) ∈ Qp(ζ), there is a unique pi-adic expansion Kq(a) = a0 + a1pi+ · · ·+ aipii + · · · , where ai ∈ Qp and api = ai.
From the identity [14]
Kq(a) ≡
q−2∑
j=1
(g(j))2ωj(a) mod q, (2)
and Theorem 2.1, Moloney[12] studied the divisibility results of Kq(a). In particular, Moloney considered the case for p = 2, 3
and computed coefficients a0, a1, · · · , a7 of the pi-adic expansion of Kq(a) for p ≥ 7.
C. Binomial regular bent functions
The Walsh transform of a p-ary function f(x) : Fpn → Fp is defined by
Wf (λ) =
∑
x∈Fpn
e
2pi
√
−1
p
(f(x)−Trm
1
(λx)).
f(x) is a p-ary bent function, if for any λ ∈ Fpn , |Wf (λ)| = p
n
2
. Further, f is regular if Wf (λ) = p
n
2 e
2pi
√
−1
p
f∗(λ)
, where f∗
is some p-ary function from Fpn to Fp.
If n = 2m, Jia et al. [7] considered the binomial p-ary function of the form
fa,b,t = Tr
n
1 (ax
t(pm−1)) + bx
pn−1
2
and obtained the following theorem.
Theorem 2.2: Let n = 2m, q = pm ≡ 3 mod 4 or p = 3. Let gcd(t, pm + 1) = 1, a ∈ Fq2 , and b ∈ Fp. Then fa,b,t is a
regular bent function if and only if Kq(aq+1) = 1− 2ζb+ζ−b .
Zheng et al. [15] improved results in [7] and gave the following results.
Theorem 2.3: Let n = 2m, q = pm, gcd(t, pm + 1) = 1, a ∈ Fq2 , and b ∈ Fp. Then fa,b,t is regular bent if and only if
Kq(a
q+1) = 1− 2
ζb+ζ−b
.
Theorem 2.4: Let n = 2m, q = pm ≡ 1 mod 4, t ≡ 2 mod 4, gcd( t2 , p
m + 1) = 1, a ∈ Fq2 , and b ∈ Fp. Then fa,b,t is
regular bent if and only if Kq(aq+1) = 1− 2ζb+ζ−b .
3III. KLOOSTERMAN SUMS
For abbreviation, we denote
∑
i1,··· ,it∈{0,··· ,m−1},ij 6=ik(j 6=k)
Ai1,··· ,it by
∑
Ai1,··· ,it .
A. The pi-adic expansion of Kloosterman sums
Lemma 3.1: Let m ≥ 1 and a ∈ Fpm , then
(1) ∑ωpi+pj (a) = (T̂rm1 (a))2 − T̂rm1 (a2);
(2) ∑ω2pi+pj (a) = (T̂rm1 (a))(T̂rm1 (a2))− T̂r(a3);
(3) ∑ωpi+pj+pk(a) = (T̂rm1 (a))3 − 3(T̂rm1 (a))(T̂rm1 (a2)) + 2T̂rm1 (a3);
(4) ∑ω2pi+2pj (a) = (T̂rm1 (a2))2 − T̂rm1 (a4);
(5) ∑ω3pi+pj (a) = (T̂rm1 (a))(T̂rm1 (a3))− T̂rm1 (a4);
(6) ∑ω2pi+pj+pk(a) = (T̂rm1 (a))2(T̂rm1 (a2))− 2(T̂rm1 (a))(T̂rm1 (a3))− (T̂rm1 (a2))2 + 2T̂rm1 (a4);
(7) ∑ωpi+pj+pk+pl(a) = (T̂rm1 (a))4 − 6(T̂rm1 (a))2(T̂rm1 (a2)) + 3(T̂rm1 (a2))2 + 8(T̂rm1 (a))(T̂rm1 (a3))− 6T̂rm1 (a4).
Proof: (1) From
(
∑
ωp
i
(a))2 =
∑
ωp
i+pj (a) +
∑
ω2p
i
(a),
this result can be obviously obtained.
(2) From
(
∑
ω2p
i
(a))(
∑
ωp
j
(a)) =
∑
ω2p
i+pj (a) +
∑
ω3p
i
(a),
this result can be obviously obtained.
(3) From
(
∑
ωp
i
(a))(
∑
ωp
j+pk(a)) =
∑
ωp
i+pj+pk(a) + 2
∑
ω2p
i+pj (a),
Result (1) and Result (2), this result can be obviously obtained.
(4) From Result (1), this result can be obviously obtained.
(5) From
(
∑
ω3p
i
(a))(
∑
ωp
j
(a)) =
∑
ω3p
i+pj (a) +
∑
ω4p
i
(a),
this result can be obviously obtained.
(6) From
(
∑
ω2p
i+pj (a))(
∑
ωp
k
(a)) =
∑
ω2p
i+pj+pk(a) +
∑
ω3p
i+pj (a) +
∑
ω2p
i+2pj (a),
Result (2), Result (4), and Result (5), this result can be obviously obtained.
(7) From
(
∑
ωp
i
(a))(
∑
ωp
j+pk+pl(a)) =
∑
ωp
i+pj+pk+pl(a) + 3
∑
ω2p
j+pk+pl(a),
Result (3), and Result (6), this result can be obviously obtained.
The following proposition is a generalization of results in Chapter 5.3 in [12] of Moloney.
Proposition 3.2: Let p be a prime greater than 11, m ≥ 1, and a ∈ F∗pm . Kq(a) is the Kloosterman sum of a defined in (1).
Let the pi-adic expansion of Kq(a) in Qp(ζ) be of the form Kq(a) =
∑+∞
i=0 aipi
i, where ζ is a primitive p−th root of unity,
pi is a prime of Qp(ζ) satisfying pip−1 = −p, ζ ≡ 1 + pi mod pi2, and api = ai. Then
(1) [Chapter 5.3 in [12]] a0, a2, a4, a6 are determined by
a0 = 0,
a2 ≡ −Tr
m
1 (a) mod p,
a4 ≡
1
4
(Trm1 (a
2)− 2(Trm1 (a))
2) mod p,
a6 ≡ −
1
36
(4Trm1 (a
3) + 6(Trm1 (a))
3 − 9(Trm1 (a))(Tr
m
1 (a
2))) mod p;
(2) a8 ≡ − 1576 (24(Trm1 (a))4 − 72(Trm1 (a))2(Trm1 (a2)) + 64(Trm1 (a))(Trm1 (a3)) + 18(Trm1 (a2))2 − 33Trm1 (a4)) mod p.
(3) a2i+1 = 0, i = 0, 1, 2, · · · .
Proof: (1) This can be found in Chapter 5.3 in [12] by Moloney.
4(2) From Result (1), we have
−
∑
wtp(j)=1
g(j)2ωj(a) ≡ −Trm1 (a)pi
2 mod pip+1,
−
∑
wtp(j)=2
g(j)2ωj(a) ≡
1
4
(Trm1 (a
2)− 2(Trm1 (a))
2)pi4 mod pip+3,
−
∑
wtp(j)=3
g(j)2ωj(a) ≡ −
1
36
(4Trm1 (a
3) + 6(Trm1 (a))
3 − 9(Trm1 (a))(Tr
m
1 (a
2)))pi6 mod pip+5,
From p ≥ 11 and (2), we have
Kq(a) ≡ −Tr
m
1 (a)pi
2 +
1
4
(Trm1 (a
2)− 2(Trm1 (a))
2)pi4
−
1
36
(4Trm1 (a
3) + 6(Trm1 (a))
3 − 9(Trm1 (a))(Tr
m
1 (a
2)))pi6
−
∑
wtp(j)=4
g(j)2ωj(a) mod pi10.
From Theorem 2.1, we have
−
∑
wtp(j)=4
g(j)2ωj(a) ≡−
pi8
576
(
∑
ω4p
i
(a) + 36
∑
i<j
ω2p
i+2pj (a) + 16
∑
ω3p
i+pj (a)
+ 144
∑
j<k
ω2p
i+pj+pk(a) + 576
∑
i<j<k<l
ωp
i+pj+pj+pk(a))
≡−
pi8
576
(
∑
ω4p
i
(a) + 18
∑
ω2p
i+2pj (a) + 16
∑
ω3p
i+pj (a)
+ 72
∑
ω2p
i+pj+pk(a) + 24
∑
ωp
i+pj+pj+pk(a)) mod pi10.
From Result (4), (5), (6), (7) in Lemma 3.1, we have
a8 ≡−
1
576
(24(T̂r
m
1 (a))
4 − 72(T̂r
m
1 (a))
2(T̂r
m
1 (a
2)) + 64(T̂r
m
1 (a))(T̂r
m
1 (a
3))
+ 18(T̂r
m
1 (a
2))2 − 33T̂r
m
1 (a
4)) mod pi.
Note that T̂r
m
1 (a) ≡ Tr
m
1 (a) mod p, T̂r
m
1 (a
2) ≡ Trm1 (a
2) mod p, T̂r
m
1 (a
3) ≡ Trm1 (a
3) mod p, and T̂r
m
1 (a
4) ≡ Trm1 (a
4)
mod p. Then
a8 ≡−
1
576
(24(Trm1 (a))
4 − 72(Trm1 (a))
2(Trm1 (a
2)) + 64(Trm1 (a))(Tr
m
1 (a
3))
+ 18(Trm1 (a
2))2 − 33Trm1 (a
4)) mod pi.
Note that a8 ∈ Zp, hence
a8 ≡−
1
576
(24(Trm1 (a))
4 − 72(Trm1 (a))
2(Trm1 (a
2)) + 64(Trm1 (a))(Tr
m
1 (a
3))
+ 18(Trm1 (a
2))2 − 33Trm1 (a
4)) mod p.
(3) Note that σ−1 is a Galois automorphism of Qp(ζ) satisfying σ−1(ζ) = ζ−1. The action on Teichmu¨ller elements in Qp
by σ−1 is ordinary. For any positive integer k, we have
σ−1(Kq(a)) ≡ a0 + a1(σ−1(pi)) + a2(σ−1(pi))
2 + · · ·+ a2k+1(σ−1(pi))
2k+1 mod pi2k+2, (3)
Since pip−1 = −p, (σ−1(pi))p−1 = −p and σ−1(pi) = wp−1pi, where wp−1 is a (p− 1)-th root of unity in Qp. Note that
ζ ≡ 1 + pi mod pi2. (4)
Further,
ζ−1 ≡ 1− pi mod pi2.
From the action on (4) by σ−1,
ζ−1 ≡ 1 + wp−1pi mod pi
2.
5Then
wp−1 ≡ −1 mod pi.
Hence, wp−1 = −1 and σ−1(pi) = −pi. From (3),
σ−1(Kq(a)) ≡ a0 − a1pi + a2pi
2 − a3pi
3 + · · ·+ a2kpi
2k − a2k+1pi
2k+1 mod pi2k+2.
From the definition of Kq(a), σ−1(Kq(a)) = Kq(a). Then
a0 − a1pi + a2pi
2 − a3pi
3 + · · ·+ a2kpi
2k − a2k+1pi
2k+1
≡a0 − a1pi + a2pi
2 − a3pi
3 + · · ·+ a2kpi
2k − a2k+1pi
2k+1 mod pi2k+2.
Hence, a1 = a3 = · · · = · · · = a2k+1 = 0. From the random choice of k, Result (3) holds.
Example Let p = 11, q = p4, ζp = 1, pi10 +11 = 0, ζ ≡ 1+ pi mod pi2, GF (q) = GF (p)(β), β4 +8β2 +10β+2 = 0, and
a = β2092. From direct computation, we have Kq(a) = −2pi8 + 5pi6 + 4pi4 + 4pi2 mod pi10. From Tr41(a) = 7, Tr41(a2) = 4,
Tr41(a
3) = 4, and Tr41(a4) = 8, the expansion of Kq(a) is just the result in Proposition 3.2.
Remark Result (1) in Proposition 3.2 still holds for p = 7. Result (3) in Proposition 3.2 can be generalized, i.e, if x ∈
Zp(ζ + ζ
−1),
x = a0 + a2pi
2 + a4pi
4 + a6pi
6 + · · · .
The proof is similar.
From the above discussion, we have σ−1(ζ) ≡ 1− pi mod pi. Actually, we have the following general result.
Lemma 3.3: Let i be a nonzero integer satisfying − p−12 ≤ i ≤
p−1
2 , σi is be a Galois automorphism of Qp(ζ, ξ) such that
σi(ζ) = ζ
i
. Let α ∈ Qp(ζ, ξ) and νpi(α) ≥ 0. Let the pi-adic expansion of α be
α = a0 + a1pi + a2pi
2 + · · · ,
where ai ∈ Qp(ζ, ξ) and aqi = ai. Then
σi(α) = a0 + a1ω(i)pi + · · ·+ ajω
j(i)pij + · · · ,
where ω(·) is the Teichmu¨ller character. In particular, σi(α) ≡ a0 + a1ipi mod pi2.
Proof: Note that σi acts ordinary on unramified extension Qp(ξ). If aq = a, σi(a) = a.
Since ζ ≡ 1 + pi mod pi2, σi(ζ) ≡ 1 + σi(pi) mod pi2. On the other hand, σi(ζ) ≡ (1 + pi)i = 1 + ipi mod pi2. Then
σi(pi) ≡ ipi mod pi
2
. From the definition of pi, σi(pi) = wpi, where w is some (p− 1)-th root of unity. From w ≡ i mod pi,
w = ω(i), σi(pi) = ω(i)pi. Then we have
σi(α) = a0 + a1ω(i)pi + · · ·+ ajω
j(i)pij + · · · .
From ω(i) = i mod p, we have σi(α) ≡ a0 + a1ipi mod pi2. Hence, this lemma holds.
B. The pi-adic expansion of elements in Qp(ζ)
Proposition 3.4: Let p be a prime greater than 11 and ζ be a p-th root of unity satisfying ζ ≡ 1 + pi mod pi2. Then
(1) ζ ≡ 1 + pi + 12pi2 + 16pi3 + 124pi4 + 1120pi5 + 1720pi6 + 15040pi7 + 140320pi8 mod pi9;
(2) ζ−1 ≡ 1− pi + 12pi2 − 16pi3 + 124pi4 − 1120pi5 + 1720pi6 − 15040pi7 + 140320pi8 mod pi9;
(3) ζ + ζ−1 ≡ 2 + pi2 + 112pi4 + 1360pi6 + 120160pi8 mod pi10;
(4) 1− 2
ζ+ζ−1 ≡
1
2pi
2 − 524pi
4 + 61720pi
6 − 2778064pi
8 mod pi10.
6Proof: (1) Let the pi-adic expansion of ζ be ζ = 1+ pi+ a2pi2 + a3pi3 + · · · , where api = ai and ai ∈ Zp. For simplicity,
let a0 = a1 = 1. Then
(1 + pi + a2pi
2 + · · · )p − 1 =pip(1 + a2pi + a3pi
2 + · · · )p +
p−1∑
i=1
(
p
i
)
pii(1 + a2pi + a3pi
2 + · · · )i
≡pip −
8∑
i=1
pip−1+i
(
p
i
)
p
(1 + a2pi + a3pi
2 + · · ·+ a9−ipi
8−i)i mod pip+8,
≡− pip(a2pi + a3pi
2 + · · ·+ a8pi
7)
−
8∑
i=2
pip−1+i
(
p
i
)
p
(1 + a2pi + a3pi
2 + · · ·+ a9−ipi
8−i)i mod pip+8,
≡− pip((a2pi + a3pi
2 + · · ·+ a8pi
7)
+
8∑
i=2
pii−1
(
p
i
)
p
(1 + a2pi + a3pi
2 + · · ·+ a9−ipi
8−i)i) mod pip+8,
From (1 + pi + a2pi2 + · · · )p − 1 = 0, we have
(a2pi + a3pi
2 + · · ·+ a8pi
7) +
8∑
i=2
pii−1
(
p
i
)
p
(1 + a2pi + a3pi
2 + · · ·+ a9−ipi
8−i)i ≡ 0 mod pi8,
Denote s1 ≡ a2pi+a3pi2+ · · ·+a8pi7 mod pi8 and si ≡ pii−1
(pi)
p
(1+a2pi+a3pi
2+ · · ·+a9−ipi
8−i)i mod pi8(i = 2, 3 · · · , 8).
From direct computation, we have
s2 ≡− (a2a6 + a3a5 +
1
2
a24 + a7)pi
7 − (a2a5 + a3a4 + a6)pi
6
− (a2a4 +
1
2
a23 + a5)pi
5 − (a2a3 + a4)pi
4 − (
1
2
a22 + a3)pi
3 − a2pi
2 −
1
2
pi mod pi8.
Accordingly, s3, · · · , s8 can be computed. Then we have
8∑
i=1
si ≡
7∑
i=1
cipi
i mod pi8,
where
c1 =a2 − 1/2,
c2 =− a2 + a3 + 1/3,
c3 =− 1/2a
2
2 + a2 − a3 + a4 − 1/4,
c4 =a
2
2 − a2a3 − a2 + a3 − a4 + a5 + 1/5,
c5 =1/3a
3
2 − 3/2a
2
2 + 2a2a3 − a2a4 + a2 − 1/2a
2
3 − a3 + a4 − a5 + a6 − 1/6,
c6 =− a
3
2 + a
2
2a3 + 2a
2
2 − 3a2a3 + 2a2a4 − a2a5 − a2 + a
2
3 − a3a4 + a3 − a4 + a5 − a6 + a7 + 1/7,
c7 =− 1/4a
4
2 + 2a
3
2 − 3a
2
2a3 + a
2
2a4 − 5/2a
2
2 + a2a
2
3 + 4a2a3 − 3a2a4 + 2a2a5 − a2a6
+ a2 − 3/2a
2
3 + 2a3a4 − a3a5 − a3 − 1/2a
2
4 + a4 − a5 + a6 − a7 + a8 − 1/8,
Since
∑7
i=1 cipi
i ≡ 0 mod pi8, we have
a2 ≡ 1/2 mod p, a3 ≡ 1/6 mod p, a4 ≡ 1/24 mod p, a5 ≡ 1/120 mod p,
a6 ≡ 1/720 mod p, a7 ≡ 1/5040 mod p, a8 ≡ 1/40320 mod p.
Hence Result (1) holds.
(2) From ζ−1ζ = 1 and Result (1), Result (2) can be obviously obtained.
(3) From Result (1) and (2), Proposition 3.2, this result can be obviously obtained.
(4) From Result (3), this result can be obviously obtained.
Example Let p = 37, pi36+37 = 0, ζp = 1, and ζ ≡ 1+pi mod pi2. From direct computation, ζ ≡ 11pi8+14pi7−13pi6−4pi5+
17pi4−6pi3−18pi2+pi+1 mod pi9. From Proposition 3.4, ζ ≡ 1+pi+ 12pi
2+ 16pi
3+ 124pi
4+ 1120pi
5+ 1720pi
6+ 15040pi
7+ 140320pi
8
mod pi9. Note that 12 ≡ −18 mod 37,
1
6 ≡ −6 mod 37,
1
24 ≡ 17 mod 37,
1
120 ≡ −4 mod 37,
1
720 ≡ −13 mod 37, and
1
5040 ≡ 14 mod 37,
1
40320 ≡ 11 mod 37. The computation result of Proposition 3.4 is just the same as the direct computation.
7Corollary 3.5: Let p be a prime greater than 11, and ζ be a primitive p-th root of unity. Then
∏ p−1
2
i=1 (1−
2
ζi+ζ−i ) ≡ (
−2
p
)p
mod p2.
Proof: Note that 1 − 2
ζi+ζ−i = σi(1 −
2
ζ+ζ−1 ). From Proposition 3.4 and Lemma 3.3, we have 1 −
2
ζi+ζ−i ≡
1
2 i
2pi2
mod pi4. Then
p−1
2∏
i=1
(1 −
2
ζi + ζ−i
) =
p−1
2∏
i=1
(
1
2
i2pi2) =
1
2
p−1
2
pip−1
p−1
2∏
i=1
i2 = (
2
p
)(−(
−1
p
))pip−1 ≡ (
−2
p
)p mod pip+1.
Note that
∏ p−1
2
i=1 (1 −
2
ζi+ζ−i ) ∈ Zp. Then
∏ p−1
2
i=1 (1−
2
ζi+ζ−i ) ≡ (
−2
p
)p mod p2.
C. Special values of Kloosterman sums
Proposition 3.6: Let i be an integer such that 1 ≤ i ≤ p−12 , and a ∈ Fq, then Kq(a) = 1 −
2
ζi+ζ−i if and only if
Kq(
1
i2
a) = 1− 2
ζ+ζ−1 .
Proof: From the definition of Kloosterman sums, we have
Kq(
1
i2
a) =
∑
x∈Fq
ζTr
m
1
( 1
i2
ax+xq−2) =
∑
x∈Fq
ζTr
m
1
( 1
i2
a(ix)+(ix)q−2) =
∑
x∈Fq
ζ
1
i
Trm
1
(ax+xq−2) = σ 1
i
mod p(Kq(a)).
Hence, the proposition holds.
Remark From the above proposition, to consider the value 1 − 2
ζi+ζ−i of Kloosterman sums, we just consider the case for
Kq(a) = 1−
2
ζ+ζ−1 . Further, denote Ni = #{a ∈ Fq : Kq(a) = 1 −
2
ζi+ζ−i } for 1 ≤ i ≤
p−1
2 . From the above proposition,
N1 = N2 = · · · = N p−1
2
. That explains the experiment result in [7] that Ni are equal.
Theorem 3.7: Let p be a prime greater than 13, and m ≥ 1. If Kq(a) = 1− 2ζ+ζ−1 , then
Trm1 (a) = −
1
2
, Trm1 (a
2) = −
1
3
, Trm1 (a
3) = −
1
5
, Trm1 (a
4) = −
136
1155
.
Further, ∑
i<j
ap
i+pj =
7
24
,
∑
i<j<k
ap
i+pj+pk = −
41
240
,
∑
i<j<k<l
ap
i+pj+pk+pl =
8879
88704
.
Proof: From Proposition 3.2 and Proposition 3.4,
a2 =− Tr
m
1 (a) =
1
2
mod p,
a4 =
1
4
(Trm1 (a
2)− 2(Trm1 (a))
2) = −
5
24
mod p,
a6 =−
1
36
(4Trm1 (a
3) + 6(Trm1 (a))
3 − 9(Trm1 (a))(Tr
m
1 (a
2))) =
61
720
mod p;
a8 =−
1
576
(24(Trm1 (a))
4 − 72(Trm1 (a))
2(Trm1 (a
2)) + 64(Trm1 (a))(Tr
m
1 (a
3))
+ 18(Trm1 (a
2))2 − 33Trm1 (a
4)) = −
277
8064
mod p.
Since p ≥ 13, we have
Trm1 (a) = −
1
2
, Trm1 (a
2) = −
1
3
, Trm1 (a
3) = −
1
5
, Trm1 (a
4) = −
136
1155
.
From Lemma 3.1, we have∑
i<j
ap
i+pj =
1
2
((Trm1 (a))
2 − Trm1 (a
2)),
∑
i<j<k
ap
i+pj+pk =
1
6
((Trm1 (a))
3 − 3(Trm1 (a))(Tr
m
1 (a
2)) + 2Trm1 (a
3)),
∑
i<j<k<l
ap
i+pj+pk+pl =
1
24
((Trm1 (a))
4 − 6(Trm1 (a))
2(Trm1 (a
2)) + 3(Trm1 (a
2))2 + 8(Trm1 (a))(Tr
m
1 (a
3))− 6Trm1 (a
4)).
Hence, ∑
i<j
ap
i+pj =
7
24
,
∑
i<j<k
ap
i+pj+pk = −
41
240
,
∑
i<j<k<l
ap
i+pj+pk+pl =
8879
88704
.
8Remark When p = 7, 11, the following results also hold.
Trm1 (a) = −
1
2
, Trm1 (a
2) = −
1
3
, Trm1 (a
3) = −
1
5
,∑
i<j
ap
i+pj =
7
24
,
∑
i<j<k
ap
i+pj+pk = −
41
240
.
Theorem 3.8: Let p ≥ 7, and i be an integer. If a ∈ Fp, then Kq(a) 6= 1− 2ζi+ζ−i .
Proof: We just need to consider the case of 0 ≤ i ≤ p−12 . If i = 0, this theorem holds [8]. From Proposition 3.6, we just
need to prove that if a ∈ Fp, Kq(a) 6= 1− 2ζ+ζ−1 . Suppose that Kq(a) = 1−
2
ζ+ζ−1 . From Theorem 3.7, we have
Trm1 (a) = ma = −
1
2
, Trm1 (a
2) = ma2 = −
1
3
, Trm1 (a
3) = ma3 = −
1
5
.
Then
a =
− 13
− 12
≡
− 15
− 13
mod p,
i,e, 23 ≡
3
5 mod p or
1
15 ≡ 0 mod p, which is impossible. Hence, this theorem holds.
Theorem 3.9: If p = 11, then for any a ∈ Fpm and any integer i, Kpm(a) 6= 1− 2ζi+ζ−i .
Proof: We just need to consider the case for 0 ≤ i ≤ p−12 . If i = 0, this theorem holds [8]. From Proposition 3.6, we just
need to prove that if a ∈ Fq and q = pm, Kq(a) 6= 1− 2ζ+ζ−1 . From the remark after Theorem 3.7, we have
Trm1 (a) = −
1
2
, Trm1 (a
2) = −
1
3
, Trm1 (a
3) = −
1
5
.
Note that 33Trm1 (a) = 0 mod 11. From Result (2) in Proposition 3.2, a8 = 4 mod 11. From Proposition 3.4, a8 = −2
mod 11, which makes a contradiction. Hence, this theorem holds.
Let p ≥ 13, s ∈ {2, 3, 4}, s|m, p ∤ m, a ∈ Fps , and the degree of the minimal polynomial of a be s. Denote c1 =
∑
0≤i≤s−1 a
pi
,
c2 =
∑
0≤i<j≤s−1 a
pi+pj
, c3 =
∑
0≤i<j<k≤s−1 a
pi+pj+pk
, and c4 =
∑
0≤i<j<k<l≤s−1 a
pi+pj+pk+pl
. Then the minimal
polynomial of a is of the form ma(x) = xs − c1s+ · · ·+ (−1)scs. If i > s, ci = 0. The coefficients ci can be computed by
Trs(aj) and the proof is similar to Lemma 3.1.
Theorem 3.10: Let i be an integer, p ≥ 13, 2 | m, and a ∈ Fp2 . Then Kq(a) 6= 1− 2ζi+ζ−i .
Proof: We just need to prove that Kq(a) 6= 1 − 2ζ+ζ−1 . If a ∈ Fp, this theorem holds. Suppose that a ∈ Fp2\Fp and
Kq(a) = 1−
2
ζ+ζ−1 . From Theorem 3.7,
Trm1 (a) =
m
2
Tr21(a) = −
1
2
,Trm1 (a
2) =
m
2
Tr21(a
2) = −
1
3
,
Trm1 (a
3) =
m
2
Tr21(a
3) = −
1
5
,Trm1 (a
4) =
m
2
Tr21(a
4) = −
136
1155
.
If p|m, 12 ≡ 0 mod p, which is impossible. Hence, this theorem holds.
Let p ∤ m. We have
Tr21(a) = −
1
2
r,Tr21(a
2) = −
1
3
r,
Tr21(a
3) = −
1
5
r,Tr21(a
4) = −
136
1155
r,
where r ≡ 2
m
mod p. We can compute
c1 =− 1/2r, c2 = 1/8r
2 + 1/6r,
c3 =− 1/48r
3 − 1/12r2 − 1/15r, c4 = 1/384r
4 + 1/48r3 + 17/360r2 + 34/1155r,
Note that c3 = c4 = 0 and r 6= 0 mod p, then r = −108/77. Hence,
c1 = 54/77, c2 = 72/5929, c3 = −29556/2282665, c4 = 147780/35153041.
Since c3 = c4 ≡ 0 mod p, p|gcd(29556, 147780) = 22 · 32 · 821. Hence, if p ≥ 13 and p 6= 821, this theorem holds.
If p = 821, then c1 = 86, c2 = 659, and ma(x) = x2 − c1x + c2 = (x − 300)(x− 607), which contradicts that ma(x) is
the minimal polynomial of a.
Hence, this theorem holds.
9IV. NONEXISTENCE OF SOME BINOMIAL REGULAR BENT FUNCTIONS
Theorem 4.1: Let p ≥ 7, n = 2m. Let a ∈ Fpn , and ap
m+1, b ∈ Fp. Let t be an integer satisfying gcd(t, pm+1) = 1. Then
the following p−ary function
fa,b,t(x) = Tr
n
1 (ax
t(pm−1)) + bx
pn−1
2
can not be a regular bent function.
Proof: From Theorem 2.3 and Theorem 3.8, this theorem can be obviously obtained.
Theorem 4.2: Let p ≥ 13, n = 2m, 2|m. Let a ∈ Fpn , ap
m+1 ∈ Fp2 , and b ∈ Fp. Let t be an integer satisfying
gcd(t, pm + 1) = 1. Then the p−ary function
fa,b,t(x) = Tr
n
1 (ax
t(pm−1)) + bx
pn−1
2
can not be a regular bent function.
Proof: From Theorem 2.3 and Theorem 3.10, this theorem can be obviously obtained.
Theorem 4.3: Let n = 2m, 2|m. Let a ∈ F11n , and b ∈ F11. Let t be an integer satisfying gcd(t, 11m + 1) = 1. Then the
p−ary function
fa,b,t(x) = Tr
n
1 (ax
t(11m−1)) + bx
11
n−1
2
can not be a regular bent function.
Proof: From Theorem 2.3 and Theorem 3.9, this theorem can be obviously obtained.
V. CONCLUSION
This paper discusses the special value 1− 2
ζ+ζ−1 of Kloosterman sum Kq(a)(q = pm), and presents necessary conditions for
a such that Kq(a) = 1− 2ζ+ζ−1 . We prove that for p = 11, there does not exist a satisfying Kq(a) = 1−
2
ζ+ζ−1 . For general
p ≥ 13, we prove that if a ∈ Fps and s = gcd(2,m), there does not exist a satisfying Kq(a) 6= 1 − 2ζ+ζ−1 . From results in
this paper, it seems that for p ≥ 7 there does not exist a satisfying Kq(a) = 1 − 2ζ+ζ−1 . Our further work will consider the
generalization of our techniques to general cases.
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